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Let (X, Z, p) be a finite measure space, L, = L,(X, ,?I, p) be. the space of all pth 
power positive integrable functions over (X, ,?I, p), p > 1, l/p + l/q = 1, then for A 
g E L, the HGlder inequality 
II fg II 1 G II f lip II A? IIq 
holds, where II flip = (jxJP dp)“f’. In this paper, we discuss its inverses. 0 1991 
Academic Press, Inc. 
1. INTRODUCTION 
In literature there exist many inverse Holder inequalities of the type 
II f lip II g llq G A II fg II 13 
where A is a constant and the functions f and g are subjected to suitable 
restrictions. As an example we mention the remarkable Diaz-Goldman- 
Metcalf inequality [ 1,4] which states 
where 0 < ml <f(x) < M,, 0 < m2 <g(x) < M, on [a, b] and 
CPA = 
MfM!j-rnfrnz 
[p(Mlm,M1:-m,M,m~)]l’P [q(m,M~M,-M,mpm,)]“q’ 
More inverse Holder inequalities can be found in [2,4, 5, 8,9] and the 
references there cited. 
A usual method of proving the Holder inequality is to use the following 
relationship: If x>O, y>O and l/p + l/q= 1 with p> 1, then 
with equality holding if and only if x = y. 
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In Section 2 of this paper we derive an inequality complementary to (1.2) 
and apply the complementary inequality to obtain an inequality which is 
similar to a result of Nehari. Thereafter we derive an inverse Holder 
inequality which includes ( 1.1) as a special case. In addition we show that 
C p,q in inequality (1.1) is best possible in some sense. Finally, in Section 3, 
we conclude by making some remarks concerning the discrete case of our 
results. 
2. MAIN RESULTS 
THEOREM 1. Let O<a<x<A, O<b<yQB, l/p+ l/q= 1, p> 1; then 
P 4’ A I/Pblh? ’ a’/PB’h 
xllPyVY, 
or 
x+y<max I/P Ii* y ' 
(2.1) 
(2.2) 
the sign of equality in (2.1) and (2.2) holds ifand only ifeither (x, y) = (a, B) 
or (x, y) = (A, b). Moreover, if a > B, then 
the sign of equality on the right-hand side of (2.3) holds if and only if 
(x, y) = (A, b), and the sign of equality on the left-hand side of (2.3) holds if 
and only tf (x, y) = (a, B). The sign of inequality in (2.3) is reversed tf b > A. 
Proof We define 
f(x,y)=(;+f),i(,l/pyllq), adxdA,b<y<B, 
then 
fix? Y) =pqx~,~~y*,q~ f,Xx, Y) = 
-x+y 
pqx my I/r, + 1 . 
Case 1. If a>4 then x>y and f:(x,y)aO and f;(x,y)<O for all 
(x, y) E [a, A I x [b, Bl. Hence for any (x, y) E [a, A] x [b, B] we have 
f(x, Y) Gf (x9 b) <f (4 b) and f (x, y) >f (x, B) 2 f (a, B), i.e., f (a, B) Q 
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f(x, y) <f(A, b) for all (x, y)~ [a, A] x [b, B], so the inequality (2.3) is 
obtained. 
Case 2. If b > A, similar to Case 1, the functionfhas a maximum value 
f(a, B) and a minimum valuef(A, b). 
Case 3. Suppose a < B and b<A. Let f;(x, y)=fi(x, y)=O; we get 
x =y. At the point (x, y), where x = y the function f attains its minimum 
value 1. Hence f attains its maximum value at some boundary points of 
the rectangle [a, A] x [b, B]. We next prove that the maximum off is 
max (f(A b)J(a, B)). 
Obviously, the function f(x, b) of x (a<x<A) have a unique critical 
point b, and f(b, b) is a minimum value. Hence, on the boundary y = b of 
[a, A] x [b, B],fhas maximum value at the points (a, b) or (A, b), and we 
have (1) if a > b, then f(u, b) <f(A, b) because in this case x 2 a > b and 
f(x, b) is increasing as x increases. Similarly, on other boundaries of 
[a, A] x [b, B], S attains its maximum values at the vertexes of the 
rectangle, and we have (2)f(u, B)>,f(A, b) if A <B; (3)f(u, b) <f(u, B) if 
b 2 a; (4)S(A, 6) >f(A, B) if B< A. Now note that in Case 3 the 
numbers A, a, B, and b have only four orders: A 2 B 2 a 2 6, A 2 B 2 b > a, 
B>A>u>b, and BaA>b>a. In any case the maximum of f is 
max (f( A, b),f(a, B)}. For example, if A > B > a 2 b, then f(A, b) > 
f(A, B) and f(A, b) 2f(a, b) follow from (4) and (1). 
According to the above discussion we get f(x, y) < max(f(A, b), 
f(u, B)) for any (x, y) E [a, A] x [b, B] in all cases and this is just the 
inequality (2.1). Equation (2.2) follows from (2.1) by replacing x, a, A, y, b, 
and B with px, pa, pA, qy, qb, and qB, respectively. 
The conditions making the equalities in (2.1)(2.3) hold are easy to 
deduce from the above proof. For example, the sign of equality holds for 
the second inequality of (2.3) if and only if f(x, y) =f(A, 6). Obviously, 
f(x, y) =f(A, b) if x = A and y = B. Conversely, if A = 6, then a = A = b = B 
and f(x, y) =f(A, b) only if (x, y) = (A, b). Let A > b and there exist 
(c, d)~ [a, A] x [b, B] such thatf(c, d) =f(A, b), then for all XE [c, A] we 
have f(x, b) =f(A, b) because f(c, d) <f(c, b) <f(x, b) <f(A, b). Hence 
fi(x, 6) = 0 and x = b for any x E [c, A]. So b = A and this contradicts 
A > b. Therefore, f(x, y) =f(A, b) only if (x, y) = (A, b). 
This completes the proof of Theorem 1. 
Remark 1. It is natural to ask for an extension of (2.3) from two to n 
variables. Using the same technique as in the proof of Theorem 1 we obtain 
the following upper and lower bounds for the ratio between the arithmetic 
and geometric means. 
INVERSESOFTHEHijLDERINEQUALITY 569 
COROLLARY 1. Let X~E [ai,A,], i= 1, . . . . n with O<a, and Ai<a,+,, 
i= 1, . . . . n - 1. Further, let qi > 0, i = 1, . . . . n with x7= 1 qi = 1. Then we have 
1 ,C:=l 4iAi+C1=k+l 4iai 
’ r-g=, Aq’n;=k+l ay 
(2.4) 
where k E { 1, . . . . n - 1 } is determined by C:= 1 qixi E [x,, xk + 1 1. Equality 
holds in the first inequality of (2.4) if and only if a, = A,, in the second 
inequality zf and only if (x 1 , . . . . x, ) = (b, , . . . . b, , ak + 1 , . . . . a,), and in the third 
inequality if and only zf (x, , . . . . x, ) = (a,, . . . . uk, b, + , , . . . . 6,). 
THEOREM 2. Let the functions f and g satisfy 0 < m, <f(x) < M,, 
0 < m2 <g(x) GM, for almost all x E X, the functions u and v are non- 
negative, increasing on [0, 00) and u(t) > 0, v(t) > 0 whenever t > 0. If u of, 
v og, and h E L,, h > 0 a.e.; then, for any two positive constants a, /I, we 
have the sharp inequality 
a ~~(~~f)hd~+~~~(v~g)hd~$max{A,E}~~(u~f)’~~(v~g)”~hd~, 
(2.5) 
where 
A = au(M, ) + Sv(m2) 
u(M, )“r v(m,)‘lY’ 
B = a+, ) + Bv(M2 1 
u(m,)“P v(M,)“~’ (2.6) 
The sign of equality in (2.5) holds if and only if either (u( f (x)), u( g(x))) = 
(u(m,), v(MZ)) or (u(f(x)), v(g(x)))= (u(M,), v(mz)) a.e. where the alter- 
native depends upon x. 
In particular, 
where 
1 CT D 1 I,fg du (2.7 
aMf + pm’: c= Mm , D=amf+BW (2.8) 
1 2 mlM2 ’ 
the equality in (2.7) holds if and only if either (f(x), g(x)) = (m,, M,) or 
(f(x), g(x)) = (M,, m2) a.e., where the alternative depends upon x. 
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ProoJ: We have 
0 < au(ml) h(x) G au(f(x)) h(x) d cru(M,) h(x), 
0 < l-w%) h(x) G BUMX)) WI G Dmf* 1 h(x) 
for almost all x E X. Hence, by the inequality (2.2), 
Mf(x)) h(x) + P4dx)) h(x) 
G max i 
&Ml) h(x) + B+%) 4x) (au(M,) h(x))“” (j?u(m,) h(x))“‘+ 
CQhl) WI+ BUWZ) 4x1
(4m* 1 w))“” uwJ*) WP I 
. Cau(f(x)) W)l lb CB4&)) WI1 lh 
=max{A, B) (u(f(x))P (u(&))PW) 
(2.9) 
for almost all XEX. By integrating we obtain the inequality (2.5). 
From Theorem 1, the equality in (2.9) holds if and only if either 
(u(f(x)h uk(x))) = (uh), u(M2)) or (u(f(x)), UMX))) = (4Ml), 
u(m*)). Since the equality in (2.5) holds if and only if the equality in (2.9) 
holds almost everywhere, the equality in (2.5) holds if and only if either 
(4f(4), uM-4)) = Mm1 ), u(W)) or (4f(xh 4d-W = (4W 1, u(m)) 
a.e., where the alternative depends upon x. 
Obviously, (2.7) follows from (2.5) by taking that u(x)=xp, u(x) =x4 
and h = 1. The proof is complete. 
Remark 2. We note that inequality (2.5) is similar to an interesting 
inequality due to Nehari [S, p. 4103. 
THEOREM 3. Zf the hypotheses for f, g, h, u, and u in Theorem 2 are 
satisfied, then 
< (ap)-1’” (Pq)-1’” max{A,B} Jx(uof)l'p (uOg)l’yhdp, (2.10) 
for any two positiue numbers ~1, /?, where A and B are the same as (2.6). The 
equality in (2.10) holds if and only if p( E v F) = p(X) and 
s 
h dp = clpu(M~) - aqu(m,) 
E ap(u(M,)-u(m,))+lIq(u(M,)-u(m,)) xhdp’ s (2’11) 
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where 
E= {xKI’: u(f(x)) = u(m,), u(g(x))= u(&)}, 
F= (x E X : u(f(x)) = u(M,), u(g(x)) = o(m,)}. 
(2.12) 
In particular, we get an inverse Hiilder inequality 
where C, D are same as (2.8) and the equality holds ifand only ifp(E, v F,) 
= p(X) and 
PL(E~) = (@PM? - 84%) P(X) 
crp(Mf-mf)+~q(M~-mz)’ 
(2.14) 
where 
E, = {x E X :f(x) = m, , g(x) = M2}, 
F,= {xrsX:f(x)=M1,g(x)=mz}. 
(2.15) 
Proof. According to the inequality (1.2) we have 
j > 
114 
84 x(odhd~ 
So (2.10) from (2.5) and (2.16). By (1.2) and Theorem 2, the sign of 
equality in (2.10) holds if and only if ap JX (u of) h dp = /?q JX (u og) h dp 
and (U(x)), dg(x)))= (Ml), 4MZ)) or (u(M,), 4m2)) a.e.; hence 
Cr(EvF)=~(X),S,hd~+S,hd~=S,hd~ and 
a~ s x (uof) h dp 
= crp(u(m, I- u(M, 1) jE h 4 + clpu(M, ) jx h & 
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Equation (2.11) follows from this equality. Moreover, (2.13) and (2.14) are 
easy to get from (2.10) and (2.11), respectively, and the proof is complete. 
COROLLARY 2. Under the conditions in Theorem 2, if Ml > m, or 
M2 >m2, then 
VP 
> (J > 
‘IY 
x(wWd~ 
where 
a0 = u(MZ) u(M,)‘IP u(mz)‘lq - v(mz) u(m,)“P u(M,)“~, 
Do = u(M,) u(m,)‘lp u(M,)~‘~ - u(ml) u(M~)“~ u(m,)l’q. 
Moreover, (2.17) is the best possible form of (2.10). 
(2.17) 
(2.18) 
Proof: It is clear that a,, > 0 and B0 > 0 because M, > ml or M2 > m2. 
If a=aO and j?=a,, then A = B = u(M,) u(M2) - u(ml) u(m2). The 
inequality (2.17) follows from (2.10) by taking that a=a, and /?=BO. 
Next we show that the right side (as a function of a and j?) of inequality 
(2.10) attains its minimum if a = a0 and fi = PO. This means the inequality 
(2.17) is best possible. 
Let t = /3/a; then the above conclusion changes into that the function 
Q(t) = max 4Ml I+ tub) 4ml I+ NM2 1 
t”4U(M,)1’p u(m,)‘/q’ t1’4u(m,)1’P u(M,)‘14 (t>O) 
has a minimum if t = /$,/a,. If 0 c t < #$,/aO, then 
Q(t) = t-1’4U(M,)~1’p u(m,)p”Y (u(M,)+ tu(m,)). 
It is obvious that Q’(t) < 0 if t < u(M,)/[(q - 1) u(mz)]. But 
Bo, Mf,) 
ao‘(4-11)uh)’ (2.19) 
(In fact, we have zy 2 qz - q + 1 for every z > 0 and q 2 1. Let z = xp - ly; 
then we have xpyqa qx”-ly-q + 1 for all x2 0 and ~20, where 
l/p + l/g = 1. Taking that xP= u(M,)/u(m,) and yq = u(M2)/u(m2), a corn- 
putation shows that the inequality (2.19) holds.) Hence the function 
Q(t) > Q(Bo/ao) when 0 -C t < Po/ao. Similarly, when t 2 Bo/aO. 
Q(t) = t-“qu(m,)-“P u(M~)~“~ (u(m,) + tu(m,)) 2 Q(/?,,/a,,). 
This completes the proof. 
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Remark 3. Obviousiy, the inequality (1.1) is a special case of (2.17) 
when u(x)=xP, v(x)=y4, and h(x)= 1. So (1.1) is best possible and, by 
(2.14) with U=CI~, /?=pO, and a computation, the equality in (1.1) holds 
if and only if 
p(EuF)=b-a and 
pE=P+Q 
p (b - a), 
where 
E={x~[a,b]:f(x)=m,,g(x)=M,}, 
F= {xc [a, b] :f(x)=M,,g(x)=m,}, 
P=pMTf’ m,MI:-pqm,M~m~M,+qM~m,m’:+‘, 
Q=pm ~+‘M,rn~-pqM,m~M~m,+qm,M~M~+‘. 
Remark 4. Similar to the proof of Corollary 2, from (2.5) we have 
< (u(M, ) u(M2) - u(ml) u(m2)) 1 (~0.f)“~ (uog)“’ h & (2.20) 
X 
where uo, PO are such as (2.18) and M, > m, or Mz > m2. 
Furthermore, it can be shown that (2.20) is the best possible form of the 
inequality (2.5). 
When U(X) = xp, u(x) = x4, and h(x) = 1 the inequality (2.20) becomes 
the one in [S, p. 4111. 
Remark 5. If l/p + l/q = l/r (p, q > 0), then r/p + r/q = 1. Hence the 
condition l/p + l/q = 1 (p > 1) can be replaced with l/p + l/q = l/r in 
Theorems l-3 and Corollary 2 if we substitute p/r, q/r for p, q, respectively. 
For example, from (2.13), the following inequality is true for all a, B > 0: 
(Jxfp 4)"' (,,qd~)"qa C;,q(jxfr~r&)l-'. (2.21) 
where 
Ci,q = (ap)-“p (/?q)-‘/q r’lr max 
(ctMf + flrn;)‘lr (urn? + j?M~)“’ M m , 
1 2 
m M 
1 2 
and feL,, gELq, O<m,~f~M,, O<m,<g<M,, l/p+l/q=l/r, p, 
574 YA-DONGZHUANG 
q > 0. The sign of equality in (2.21) holds if and only if p(E, u F,) = p(X) 
and (2.14) is true where E, and F, are the same as (2.15). 
Moreover, using the scheme of Wang [8], we are able to substitute 
l/p + l/q = 1 (p > 1) with l/p + l/q = l/r, where p, q, r # 0. 
3. CONCLUDING REMARKS 
If X= { 1, 2, *.., n} and p is chosen to be the counting measure on A’, then 
L, = Z, (see [7, p. 671) andfE L, is a finite sequence (or a vector) x = (x,), 
where xk > 0, k = 1, 2, . . . . n. In this case we obtain discrete analogues of our 
integral inequalities. 
For example: Let 0 < m, d ak < M,, 0 < m2 < bk d M,, ck > 0 
(k = 1, 2, . . . . n) p > 1, l/p + l/q = 1, then for all GI, /I > 0, we have 
(1) aCU(ak)ck+PCU(bk)ck~max{A, B} ~U(ak)l’pu(bk)l’qck, 
where “C” means “Cz= i ,” U, 0, A, B are the same as in Theorem 2, the 
equality holds if and only if either (u(a,), u(bk))= (u(m,), u(MZ)) or 
(dakh U(bk)) = (4M,), dm,)), w h ere the alternative depens upon k; 
(2) (1 a,PCk)l’P (C bflck)“q < (cX/7-“PmaX{C, o} c akbkck, the 
equality holds if and only if 
zIck= clpMi’ - Bqm4 
crp(Mf - mf) + /?q(M; - m;) 
cck 
and k#Zimpliesa,=M,, bk=m2, where Z= {k :ak=m,, bk=M2}. 
(3) (C af)“J’ (C bg)‘lq < (up)-“” (j?q)-‘I” max { C, D} C akbk, the 
sign of equality holds if and only if 
K= (crpMf - Bqm;) n 
crp(Mf - mf’) + Pq(Mz - rn;) 
is an integer, and K’s ak=m,, bk=M2, others ak=Ml, b,=m,. 
We omit the details of the proofs. 
Clearly, when taking suitable tl, /I, p, q, u, and v we are able to obtain 
known inequalities such as the Pblya-Szego inequality [7], or the 
Kantorovich inequality [4]. 
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